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for all large A E R.
As a corollary we deduce that in any unitary representation of a Lie group all second-order subelliptic operators in divergence form with Holder continuous principal coefficients satisfy (1). AMS Subject Classification: 35B45, 47B44, 47A57. April 1996. Let ]{ be a closed maximal accretive, regular accretive, sectorial operator on the Hilbert space 1f with associated regular sesquilinear form k and Re]{ the closed maximal accretive operator associated with the real part of k. Kato [Kat1] , Theorem 3.1, proved that Establishing that a particular operator ]{ satisfies these last identities has become known as Kato's square root problem, or the Kato problem.
D(]{8) = D(IC 8) = D((Re
Kato's initial interest in these questions was motivated by problems of evolution equations and much subsequent attention has been devoted to the Kato problem for strongly elliptic second-order operators with complex measurable coefficients in divergence form on L 2 (R d ; dx) or on a subspace corresponding to a subdomain neRd. The problem has proved remarkably intractable but it has been solved under some special additional assumptions. For example the one-dimensional case was solved by Coifman, McIntosh and Meyer [CMM] in 1982 and in 1985 McIntosh [McI2] 
for all s E R and all sufficiently large >.. A proof of these facts can be found, for example, in [ADM] . One of the consequences of the bounded imaginary powers is the fractional powers are well-defined and form a scale of complex interpolation spaces. For example, +O,6) for all large >., all (x, f3~0 with (X i-f3 and all () E (0,1) (see [Tri] , Theorem 1.15.2).
Our main result is the following. First remark that the value of, in the assumption is not of particular significance. If C is a bounded operator on 11. and in addition bounded on 11."1 for some, E (0,1) then it is bounded on 11.8, for all 8 E (0, ,), by complex interpolation. Secondly, let C be a bounded operator on 11. with norm IIcl\?-t and T the 'heat' semigroup generated by L on 11.. Then for c and c* to be bounded on 11."1 it suffices that one has bounds (6) for some 11 > , > 0, some w~0 and all t > O. This follows because for all A > 0 where Cy = f~dt t-
and the bounds (6) give
for all c.p, 'Ij; E 11.')' where a')',>.. is finite for all large A whenever 11 > ,. It follows immediately that c c.p E 11."1 and Thus C is bounded on 11."1' Since T is self-adjoint the bounds (6) are also valid for c* and then c* is bounded on 11.')' by the same argument.
Proof of Theorem 1
We first prove the theorem for the principal part H o of Hand subsequently extend the result to H by an interpolation-perturbation argument.
First, since it suffices to establish the result for the operator I + H o .
Now we aim to bound the terms on the right hand side of (7) by use of the Sobolev norms II . 11-"1 and 1/ . II')'· This estimation is based on the following observation. 
0
Now we return to the estimation of the right hand side of (7).
Since, E (0,1) it follows that 8 = (1-,)/2 E (0,1/2) and ( 
Again it is worth noting that the assumption that a bounded operator c on 1{ is also bounded on 1{-y is a type of Holder continuity. It follows, for example, if c satisfies bounds
for some v > I and all g E G with Igi~1 where I. I denotes the subelliptic distance to the identity element corresponding to the basis at, ... , an (see, for example, [Rob] , Section IVA). These bounds imply the boundedness of c and c* on 1{-y by the following reasoning.
The action of T, the semigroup generated by L on 1{, is given by a kernel I<,
where dg denotes left invariant Haar measure. This kernel is positive and satisfies Gaussian bounds o~I<t(g)~a with D the local subelliptic dimension (see [Rob] , Section IVA). Therefore
and the bounds (9), which extend to all 9 E G, together with (10), immediately give
The integral, however, is bounded by a factor a'ew't and hence one concludes that for some a > 0, w 2:: 0 and all t > O. Then the boundedness of c and c* on 1{-y for each I E (0, v) follows from the discussion following Theorem 1. for all large).. and all a E [0,1/2). This conclusion does not need any regularity of the coefficients Cij or the Laplacian. But Theorem 1 establishes that the regularity condition (5) together with the boundedness of the Cij and cij on 'H-y ensures the stronger conclusion
Thus if the
In the course of the proof, however, we also deduced in (8) that (11) for all a E (1/2, (1 + /)/2] and H a pure second-order subelliptic operator satisfying the assumptions of Theorem 1. On the other hand, if H is an operator with Ci = afor all i but the ci are possibly non-zero then the additional terms in (7) can be dealt with as before.
So (11) is valid for all operators with the Ci equal to zero. But then one can add the terms ciAi by the perturbation-interpolation argument. Thus one arrives at the following conclusion. It is, however, unclear whether the hypotheses of Theorem 1 imply that these the containments are identities for a > 1/2. Probably some additional regularity is required.
